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Nomenclature

= coefficients, see Eqs. (9-11)

= nondimensional (AT?),, (AT®)./ T°*

= normal section height

coefficient, see Eq. (3)

= Mach number

= mass flow

= static pressure

= wall abscissa

= total temperature

velocity

= nondimensional wall abscissa, s/ h*

= nondimensional mass flow, m/m*

= nondimensional normal section height, 1/ h*

= nondimensional pressure, P/ P,

= specific heat ratio

AT, = stoichiometric inner/outer flow mixture adiabatic
combustion total temperature increase

= local external stream deflection angle

= local wall slope angle

= velocity ratio, U,/ U

nondimensional wall abscissa, s/ h;

= nondimensional total temperature, 7%/ T%*

= momentum ratio, (pU)/(p,U,)
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Subscripts

inflow station
undisturbed outer stream

i =

1 =

Superscript

* = viscous-throatstation

Introduction

HE present work is based on the very ingenious models that
the Billig school has produced and developed over the last two
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decades concerning combustion in the viscous mixing region along
surfaces exposed to a supersonic external flow. More precisely, ref-
erence is made to the analysis presented in 1994 (Ref. 1) that is
mainly devoted to delineating the limitations of the allowable heat-
ing of the boundary layer, which are posed by the possibility of a
smooth subsonic to supersonic, or vice versa, transition at the vis-
cous throat. The authors of this Note have reexamined that analysis
and have tried to highlight the limitations of the heating amounts
that arise from the surface geometry. As for applications, we have
also envisaged a way of recognizing the throat position on a prede-
termined curved surface and of obtaining the complete solution that
matches the initial conditions.

The thermo-aerodynamic problem, schematically shown in
Fig. 1, is that of a fuel rich inner stream flowing along a contoured
wall and exposed on the other side to a supersonic stream of pure
or vitiated air. Air entrainment from the outer stream permits com-
bustion to take place inside the inner stream, thus also influencing
the inner stream development.

The ingeniousmodel proposed! for the process,and here retained,
is not detailed again. Just keep in mind that the inner stream flow
is treated as a one-dimensional flow, with instantaneous full mixing
of the freestream fluid entrained into the inner stream and with
instantaneouscombustion of the fuelin the stoichiometricratio with
the entrained air. The outer supersonic flow evolves as an inviscid
flow, matching the pressure with the inner flow pressure, station
by station. Constant calorific properties of the fluid are assumed.
Heating from and viscous stresses on the wall are neglected.

Equations

The equations that model the process in the planar flow case are
obtained from Ref. 1, and are written here, with some refinements,
directly in nondimensionalterms. The quantities &, 7z, and 7° have
all been made nondimensionalby using the values that they achieve
at the viscous-thermal throat station, whereas the pressure is ref-
erenced to the static undisturbed pressure of the external flow Py,
that is, the external flow pressure before the two stream confluence.
Tl0 is referenced to 7°*. Angles 6, and 9 are measured from the
undisturbed external stream direction and are taken as positive in
the outward direction. Note that the derivatives are considered in
the variable x, that is, the wall abscissas, measured from the inflow
station, where the two streams come into contact,and are nondimen-
sionalizedusing #*. Because, in general, the actual wall geometry,in
particular, the wall slope 6, , is assigned as a function of & (thatis, of

Outer stream,
M, T1° e

h, M, T.o >
1 1 1 H

Fig. 1 Schematic of the flowfield.
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the wall abscissas, nondimensionalizedby the a prioriknown height
h;) some problems arise when integrating the equations: This will
again be referred to when treating the applications. The equations
are

dM? M2+ (y = DM?][ 1da 1+ yM?>1dr
dx M?—1 a dx 2 rdx
1d
+ly M2(v—1) - 1]——W} (1)
w dx
dr —(n + H )1 dw 2)
dx o ’ w dx
dw 1l—opw
= _g—2Z 3)
dx o a
da
— =0+K(1—-¢) -0, )
dx

Equation (1) describes the inner flow Mach number variation on
the basis of the conservationequations. Equation (2) takes into ac-
count the total temperature variation due to the combined effects
of the combustion heat release and of the freestream entrainment
into the mixing zone. The parameter H is the nondimensional form
(referenced to T%) of the total temperature increase (AT?), that
a stoichiometric mixture of the (possibly vitiated) external air and
the inner flow fuel would experience in an adiabatic combustion.
Equation (3) describes the turbulent air mass entrainment that is
the crucial element of the overall model; a constant value of 0.02
issuggested! for the K coefficient. Equation (4) representsthe skill-
ful model' of the relation between the pressure and mass entrain-
ment. To determine v, ¢, and 3 write

5 M?2+ (y — HM? M?
V= —_—_ =
T M22+ (y — )M?
3)

Wl T y +1
P =P\ o
a\| M22+(y — )M

whereas 6 can be derived by applying the linearized supersonic

theory
_j / MIZ -1
0= B (6)

y M}

Viscous-Throat Conditions

The mathematical problemis posed by giving valuesto the y, M,
7, and H parameters and by assigning the wall geometry (note that
all of the following calculations were made assuming y = 1.4, to
be in accordance with Ref. 1). Equation (1) becomes singular when
a sonic condition arises. Therefore, the integration process must
be split into a backward and a forward leg starting from the throat
station, where the initial conditions, that is, 8* and (dM?/dx)*,
mustbe established beforehand.To have a regular transitionthrough
Mach 1, the vanishing of the term in braces in Eq. (1) is required.
This condition is the key to setting the throat pressure f* once the
wall slope 0 at the throat is assumed. Namely, for 8* one obtains

M2 * M2 2 M2 M2—1
PRI U RN (o =_13Lﬂ*gnﬂ*
% K v* Kv*

y M3
@)

Then, by applying the L’Hospital rule to Eq. (1), one determines
the throat value of the Mach number derivative, thus obtaining the
means to start the integration process. The thus obtained equation
is a second-degree algebraic equation on (dM?/dx)*, just as in all
choking situations when treating one-dimensional flows. Write

amz\ 1 am?\”
(] o

The b and c coefficients take on the expressions
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The aforementioned coefficients A and B are

A=y +DR2(ny+H+1) —yVv*
(11)
B =(y/2)v: = [(y + D/2|(z; + H)

The b coefficient results to be positive (at least in a large range
of the parameter values and when dealing with heating problems).
Therefore, one is assured that, if real solutions exist, at least one
is negative, and this means transition from supersonic to subsonic
flow through the throat is possible. The sign of the ¢ coefficient
is then conclusive as far as the possibility of the inverse transition
from subsonic to supersonic flow is concerned. If it is negative, this
possibility is obtained; otherwise only passages of the supersonic-
subsonic type are admitted. The vanishing of ¢ discriminates these
two cases. Therefore, the ¢ =0 curve in the heating parameter plane
[T/ TP, (AT®)./ T] separates the region where one can have a
subsonic to supersonic transition (the region below the curve) from
that where only supersonic to subsonic transition is possible. The
(d8, /dx)* term in Eq. (10) represents the influence of the wall cur-
vature at the viscous throat on the ¢ coefficient. It has a considerable
effect on the extension of the aforementionedregion. Schetz et al.!
have complained about the great limitations of allowable heat re-
lease,implied by throat conditions. They have only consideredcases
where the curvature at the viscous-throatpositionis zero. However,
the wall curvatureis quite effective in relaxing the heat release lim-
itation. This can be seen by comparing the region below the ¢ =0
curve (Fig.2) for a case where the wall curvatureat the viscousthroat
is zero with that when the wall curvature assumes a negative value
[in Fig. 2, (d6,/dx)* =—0.01]. The (AT?), limit results are more
than doubled when 67 =0. A lower (but yet remarkable) increment
appears when " < 0 because, as Fig. 2 shows, although negative
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Fig. 2 Limitations on allowable heat release implied by conditions at
the viscous throat ; My = 2.
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wall angles move the ¢ =0 boundary up if the wall curvatureis zero,
they move it down if a negative curvature is assumed.

Applications

In any particular problem that must be faced in applications, pre-
cise values of some parameters are assigned at the inflow station.
Besides the Mach number M,, total temperatures 7,0 and T are
given (it is in fact sufficient to give their ratio Tl.O/ T10 =17/17). A
relationshipbetween the pressure 8; and the Mach number M; of the
inner flow must also be assigned, or (as in the examples given here-
after) just pressure f8; may be fixed. Moreover, the heating capability
of the fuel is assessed by giving a value of the (AT?), parameter [it
is sufficient to give the ratio (AT)./ Tl0 =H/7].

The wall geometry must be given next. Clearly, 6, cannot be
given as a function of the x =s/ h* integration variable because 1 *
is not known a priori. On the contrary, it is generally given as a
function of the & =5/ h; variable. Therefore, when integrating the
equations backward from the throat, one has to anticipate the value
of oy =h;/ h* thatis achieved at the inflow station, to be able to read
the geometry in the x variable language. This is obviously not the
case when 6, is a constant, thatis, when dealing with straight walls,
but constitutes a peculiar aspect of applications with curved walls.

The integration of the system of Egs. (1), (3), and (4) backward
from the throat would, therefore, appear to be a two-pointboundary-
value problem. One has to reach specified values of the 8 and 7 pa-
rameters at the inflow station, at the same time the o variable takes
on an earlier assumed o; value there. Consequently the throat posi-
tion £* and H heating parameter (hence, 7, ) are obtained. Numerical
difficulties can arise due to the system stiffness. As pointed out in
Ref. 1 and as also experienced by the present authors, the equa-
tion system s often stiff and requires ad hoc integration procedures,
based on implicit methods (such integration routines may be found
in literature?). Usually, but not always, the integration proceedes
safely this way, provided that the throat station has been left back
some distance, thus achieving a Mach number value that is a few
points different from 1. The Euler method (a first-order integration
step is sufficient) is used in this first phase.

To highlight the problem peculiarities and the solution method,
the authorshave taken as an example the case of a curved wall where

0, = —(x/10) sin[(7/20)&] (12)

and have assumed that the outer flow does not exhibit either an
expansion pressure fan or an oblique shock at the inflow station, so
that the inner flow pressureis at the undisturbed outer flow pressure
level, B; =1. Only the transition from subsonic to supersonic flow
has been envisaged. A code® for treating optimal control problems
using indirect methods (where boundary-value problems are quite
familiar) and capable of facing stiffness problems was profitably
used.

Solutions have been found for a set of 7%/ T and a range of
(AT®)./ T problemdefining parameters, obtaining the relative val-
ues of the viscous throat position £* of the heating of the inner flow
from the inlet station to the throat (given by 1/ 7;), of the throat area
given by o;, and of the compatible inlet station Mach number M;.
For conciseness,only the £* and M; values are shown in Fig. 3. It
appears that, when increasing the (AT?),/ T? with a given 7"/ T
value, the attendantincreasing heating rate pushes the viscous throat
away from the inlet station [see Egs. (1) and (4): to null the term in
braces in Eq. (1), do/dx must reach higher values, which are ob-
tained where — 6, is larger]. The allowable value of the inlet station
Mach number M; (related to the nondimensionalmass flow param-
eter) then gradually decreases, somewhat recalling the inlet Mach
number limit behavior in the Rayleigh flow.

The complete flow behavior along the wall is then represented
(Fig.4) foraparticularchoiceof T/ T and (AT?)../ T{ parameters.
Note the smooth transition through the throat of the curves: This, by
itself, is a reason to have confidence in the integration process. Not
even the integrationaccuracyis questionedby the irregular behavior
that the Mach number curve shows downstream to the throat, where
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Fig. 3 Calculated throat position and allowable inflow Mach number
for the Eq. (12) wall geometry; My = 2.
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Fig. 4 Calculated flowfield for T}’/T‘l’ =2and (A T")C/Ti’ =2.8 on the
Eq. (12) curved wall; M, = 2.

it appears to again pass through Mach 1. This is because, due to
wall curvature, the outer stream pressure (hence, the inner one)
stops dropping and possibly starts to rise again. This contrasts the
Machnumberincreaseand bringsitback to the sonic value. The flow,
however, no longermeets the regular throat conditionsthere, and the
equations fail to furnish a regular solution. Physically, one expects
a shock to be formed and stay somewhere downstream to the throat,
again leaving a subsonic flow.

Conclusions

In revisiting the analysis' of external burning in supersonic flow,
two particular areas have been addressed.

First, the strong wall curvature effect on enlargementof the set of
possible heating parameters has been shown. External burning on
curved surfaces (which are more likely of interest in applications)
appears to be a more promising possibility than that on straight
walls.

Second, for applications on curved surfaces, the most striking
novelty in contrast to the straight wall cases, that is, the necessity of
reading the wall slope in terms of the integration variable, has been
addressed and solved. The use of boundary-value problem codes to
recognizethe throat position on the wall and to obtain proper values
of the parameters at the inflow station have proven to be very useful
and powerful.
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I. Introduction

T is necessary to account for three-dimensional unsteady flow

effects in the design procedure to improve turbomachine perfor-
mance and efficiency. The present trend toward closer blade-row
spacing has emphasized the need for reliable techniques to resolve
the unsteady flowfield. There are three dominant causes of unsteadi-
ness relating to rotor and stator interaction. The first is the interac-
tion between wakes and downstream blades. The second is the po-
tential interaction between upstream and downstream blades. The
third is the interaction between upstream vortex and downstream
blades. For modern transonic turbomachines, as pointedoutby Jung
et al.,! if the velocity is sufficiently high at the interface between
rotor and stator, the effects of upstream unsteadiness on the down-
stream are much stronger than that of the downstream on the up-
stream, and the disturbanceis dominantly transported downstream.
The disturbance vortex method for simulating two-dimensional ro-
tor/stator interaction in turbomachinery has been presented by Wu
and Chen,” where good agreement between the computational and
experimental results is obtained. Therefore, it is natural to extend
this method to three-dimensional domain. In view of its inherent
advantages, such as treatment of the complex boundaries and ap-
plication of the Baldwin-Lomax® turbulence model to wakes, the
idea is developed to simulate three-dimensional unsteady flow in
turbomachinery.

II. Numerical Method

Governing Equations

The vorticity dynamic equation for three-dimensional viscous
flow is

aa_‘t‘)+(v.v)w=(w.V)V—a)(V-V)+sza) (1)

Substituting @ and V in Eq. (1) by 0=Q+ o/ and V =U + u/,
respectively, one obtains
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Q _ _ _
aa_t +aa_c:/ +(U -VQ+ U -V + (' -VQ+ (u' - V)

= (Q-V)T + (2 -V + () V)T + (0 -V = XV -T)
-V -u)—d(V-U)— (V- u) + W2 Q+ W 2)

where 2=V XU is time-averaged vorticity and o/ =V Xu' is
disturbance vorticity. If the Mach number of time-averaged velocity
is not very high, we can assume the volume expansion correspond-
ing to disturbance velocities is zero,

V-u =0 3)

Further discussion about this assumption may be found in Ref. 2.
Performing a time-averaging operation to Eq. (2) and applying

T
j q'dr =0, (g=0,V)
0

the equation for disturbance vorticity can be obtained as

dd_cj =— -VQ+ W VYo +(Q-Vu' + (o - V)T

+ (o V' = (@ -V — d(V-U) + W2 )

where d/dt is the material derivative. In the case of laminar flow,
the viscosity v =v,, whereas for turbulentflow v=(v; + v;), where
v; and v; are the laminar and turbulent viscosity.

Initial and Boundary Conditions
The initial condition can be specified as follows:

X =X

/ _ Qr(ra 9’ Z) - Q(axi)(ra Z)
Q(V,Q,Z,to)—{o x#xl (5)

where Q(axi) is the circumferentialaveraged value of Q,, the relative
steady solutions of the upstream rotor; x(r, 6, z) is the coordinate;
and x, are the inlet points of the stator domain.

On the solid wall, the impenetrable and no-slip conditions should
be satisfied (discussed subsequently).

At upstream boundary, the upstream boundary condition for dis-
turbance variables at time ¢ can be obtained in the same way as
Eq. (5) is obtained,

q'(r, 0,z,1) = Q,(r, 0 — At,2) = Qaxi) (1, 2) (6)

where t =1y + kAt, (1 <k<M),At =T/M, A is the angular ve-
locity of the rotor, and T = P,/ V,, is the time period where P, is
rotor blade spacing, V, is the circumferential velocity of the rotor,
and M is the number of time steps in one period.

For geometric boundaries in a single passage, if the rotor and
stator have the same blade spacing, a simple periodic condition
exists. If the blade spacings are different, for example, the rotor
spacing is larger than that of the stator (see Fig. 1), the “phase-shift
periodic boundary condition’™ exists:

q(r,0,z,1) =q(r,0+ 6, z,1 + AT) )

where AT =(P, — P,)/V,, 6, =P,/ r, and P; is the stator blade
spacing.

Turbulence Model

As in two-dimensionaldomain,” the Baldwin and Lomax? turbu-
lence model faces the same difficulties when it is used to calculate
unsteady wake. One difficulty is that the computed viscosity in the
outer region is much higher than that in the boundary regions. This
is because there is a high vorticity region in the wakes so that F'(y),



